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Assignment 2

1. Let f and g be in Ry,. Their convolution (product) is defined to be

1

(Fa)@) =5 [ 1= vglw)y

Formally show the followings:

(a) f*g belongs to Ray.
(b) g*f=[fxg

— A~

(c) fxg(n)=f(n)gn), vneZ.

It shows convolution is turned into pointwise product (of bisequences) under the Fourier
transform.

2. Let f € Ro, and its primitive function be given by

Flz) = /0 " ) da.

Show that F'is 2m-periodic if and only if f has zero mean. In this case,

Fln) = = f(n), ¥n#0.

3. Provide a proof of Theorem 1.6.

4. A function f defined on some F C R is called uniformly Hoélder continuous with exponent
a € (0,1) if there exists some constant C' such that | f(z)— f(y)| < Clz—y|%, Vz,y € E. It
is called Lipschitz continuous when o« = 1. Show that for a uniformly Holder or Lipschitiz
continuous, 27-periodic function, its Fourier coefficients satisfy

Cn® Cn®
|an| < —a |bn‘ < .
n

na

5. Provide a proof of Theorem 1.5 when the Lipschitz condition is replaced by a Holder
condition.

6. Propose a definition for y/d/dz. This operator should be a linear map which maps smooth
functions to smooth functions and satisfy

d |d
\/; %f:fa

7. Establish the following two formulas:

(a)

for all smooth, 27-periodic f.

(b)
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Hint: Examine the Fourier series of the functions f;,j = 1,..4, in Section 1.

8. Show that

2 o
> mx oW cos na
oML oS Ve € [0,2
1 2+6 2 poa x € [0, 27]

and deduce
2T Ta
=n 6

9. (a) Show that the Fourier series of the function costx, = € [—m, ] where ¢ is not an
integer is given by

t 1 ot
Wsi?iwx t Z (=1)"cosnz, x¢€[-m.7]

(b) Deduce that for ¢t € (0,1),

logsintm = logtm + Zlog (1 — 2) .
n

n=1

(¢) Conclude that

sintm i 2
=t 1—— te (0,1).
YT (1- %) e

n=1

10. Here is an interesting application of Property III.

2
(a) Show that - is bounded on (0, ).

sinx/2
(b) Show that

. T 1 2\ . 1
nh_}ngo ; <sinx/2 - $> sin(n + §)$d1: = 0.
(¢) Show that
) Tsin(n +1/2)z v
Sy = T2

(d) Finally, deduce that

The following problems are optional.

11. A sequence {z,} is convergent to z in arithmetic mean if y,, = (z9+- - -+2,—1)/n converges
to  as n — oo. Show that {z,} converges to = in arithmetic mean when {z,} converges
to x. However, give an example to show that the converse may be not true.

12. Let -
ap .
f(z) ~ > + kzl(ak cos kz + by sinkz),
and

Do(ﬂ?) +-- Dn_l(l’) .

on(x) =

Establish the formula

1 (7 sin?(nz/2)
n(T) = — P OTSCR dz, > 1.
on() ™m /7r 2sin? z/2 flwtz)dz n



2014 Fall Mathematical Analysis II1 3

13. Let sy, be the n-th partial sum of the series > ;- ai. The series is called convergent in
arithmetic mean to s if {s,} converges to s in arithmetic mean. Show that for every
2m-periodic function integrable on [—, 7], its Fourier series converges in arithmetic mean
to f(z) where z is a point of continuity and to (f(z%) + f(z7))/2 where z is a jump
discontinuity.



